
Math 256 Exam 1 Review - Sections 1.1 through 2.4

Name:

1. Verify by substitution that y1 = e3x and y2 = xe4x are both solutions to the differential
equation y′′ − 7y′ + 12y = 0.

2. Determine at least one solution to the following differential equations by observation.

a. xy′ + y = 4x3 b. (y′′)2 − y2 = 0

3. A diesel car gradually speeds up so that for the first 10 s its acceleration is given by
a(t) = (0.12)t2 + (0.6)t (ft/s2). If the car starts from rest, find the distance it has traveled at
the end of the first 10 s and its velocity at that time.
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4. Suppose that a car skids 15 m if it is moving at 50 km/h when the brakes are applied.
Assuming that the car has the same constant deceleration, how far will it skid if it is moving
at 100 km/h when the brakes are applied?

5. Determine if the differential equation x
dy

dx
= 2y, y(0) = 1, is guaranteed the existence of a

solution and, if so, is that solution guaranteed to be unique? What if the initial condition is
y(0) = 0?
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6. Construct a direction field for the differential equation y′ = 2x2 − y. Then sketch a few
solution curves for different initial conditions, making sure to include the solution curve with
initial condition y(0) = 1.

x

y

7. Find the particular solution of the initial value problems.

a. dy
dx

= 3x2(y2 + 1), y(0) = 1 b. dy
dx

= 2xy2 + 3x2y2, y(1) = −1
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8. Find general solutions of the following differential equations.

a. xy′ − 3y = x3

b. y′ = 2xy + 3x2ex
2
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9. Consider a reservoir with a volume of 8 billion cubic feet and an initial pollutant
concentration of 0.25%. There is a daily inflow of 500 milliion ft3 of water with a pollutant
concentration of 0.05% and an equal daily outflow of the well-mixed water in the reservoir.
How long will it take to reduce the pollutant concentration in the reservoir to 0.10%?
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10. Solve the following differential equations using the substitution ν = y
x
.

a. xy′ = y + 2
√
xy

b. x2y′ = xy + x2ey/x
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11. Solve the initial value problem dx
dt

= 2(x− 3)(x+ 4), x(0) = 2. Then sketch the graphs of
several solutions of the given differential equation and highlight the indicated particular
solution.

12. Consider a population P (t) satisfying dP
dt

= aP 2 − bP , where B = aP 2 is the time rate at
which births occur and D = bP is the rate at which deaths occur. If the initial population is
110, the initial birth rate is 11 births per month, and the initial death rate is 12 deaths per
month occurring at time t = 0, how many months does it take for the population to reach
20? What is the maximum threashold of this population?
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13. Given dx
dt

= f(x), first solve the equation f(x) = 0 to find the critical points of the given
autonomous differential equation. Then analyze the sign of f(x) to determine whether each
critical point is stable or unstable, and construct the corresponding phase diagram for the
differential equation. Next, solve the differential equation explicitly for y(x) in terms of x.
Finally, sketch typical solution curves for the given differential equation and verify visually
the stability of each critical point. Note: Assume k and M are positive real numbers. [For
you math nerds, we say k and M ∈ R

+]

dy
dx

= ky(y −M)

x

y
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14. It is proposed to dispose of nuclear wastes - in drums with weight W = 640 lbs and volume 8
ft3 - by dropping them into the ocean (ν0 = 0). The force equation for a drum falling through
water is

mdν
dt

= −W +B + FR

where the buoyant force B is equal to the weight (at 62.5 lb/ft3) of the volume of water
displaced by the drum (Archimedes’ principle) and FR is the force of water resistance, found
emprically to be 1 lb for each foot per second of the velocity of a drum. If the drums are
likely to burst upon an impact of more than 75 ft/s, what is the maximum depth to which
they can be dropped in the ocean without likelihood of bursting?
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15. Apply Euler’s method to approximate the solution to y′ = x+ 3
√
y with initial value

y(0) = −1 over the interval [0, .5] with step size h = 0.1. Is your approximate solution an
overestimate or underestimate?
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