
MTH 251 LESSON 4. CONTINUITY

Definition 4.0.1

A function f is continuous at a number a if

lim
x→a

f(x) = f(a)

4.1 Continuity of Functions Defined Graphically

Example 4.1.1 Use the following graph of a function f to answer the following questions.

x

y
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1

Figure: 1

a. What is the domain of f?

b. At what x values is f discontinuous on R?

c. At what x values is f discontinuous on the domain of f?.

d. For each x value in R for which f is discontinuous explain how it breaks the definition of
continuity. Use the words “jump,” “removable,” and “hole” as appropriate

e. Where is the function continuous only from the left?

f. Where is the function continuous only from the right?
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MTH 251 LESSON 4. CONTINUITY

We have a bunch of jargon to get into and we need to start with formal definitions of left and right
continuity:

Definition 4.1.1

A function f is continuous from the left at a if lim
x→a−

f(x) = f(a). Symmetrically, a

function f is continuous from the right at a if lim
x→a+

f(x) = f(a).

These are not definitions of continuous only from one side. To be continuous from only a single
side, the limit from one side must exist while the other does not.

Okay, we now look at the definition of continuity from the previous page a little closer and notice
it has some immediate consequences:

• We can only have the above equality if f(a) is defined!

• We can only have the above equality if lim
x→a

f(x) exists!

• The lim
x→a

f(x) only exists if the left and right limits exist and equal each other. That is, that

lim
x→a−

f(x) is a real number, lim
x→a+

f(x) is a real number, and lim
x→a−

f(x) = lim
x→a+

f(x).

• More than just equaling each other, the left and right limits must exist as not just any real
real number, they must both equal f(a).

The above requirements for a function to be continuous at a point corresponds to a different kind
of discontinuity. Here are some formal definitions for some words we’ve already conceptually looked
at:

Definition 4.1.2

A function f has a removable discontinuity at a if f is discontinuous at a but lim
x→a

f(x)

exists. Moreover, a removable discontinuity has two different versions:

• A hole, which occurs when lim
x→a

f(x) exists but f(a) is undefined.

• Or it would be a hole with f(a) defined as a point above or below the hole. That is
lim
x→a

f(x) exists and f(a) is defined, but they don’t equal each other. This subcategory

of removable discontinuity doesn’t have its own name.

Definition 4.1.3

A function f has a jump discontinuity at a if it is continuous from one side and the limit
exists from the other side, but these values are not equal. The two options here are:

• lim
x→a−

= f(a) while lim
x→a+

= c �= f(a) (where c is some real number).

• lim
x→a+

= f(a) while lim
x→a−

= c �= f(a) (where c is some real number).
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Example 4.1.2 Create a graph with the given properties.

• The only discontinuities of f occur at −2,
0, and 5.

• f has only two x-intercepts. One at x = −1
and one at x = 3.

• f(5) = 2

• lim
x→−∞

f(x) = 0

• lim
x→−2−

f(x) = ∞

• lim
x→−2+

f(x) = −∞

• lim
x→∞

f(x) = −∞
• f has one jump discontinuity.

• f has a constant slope of −1 on the interval
(0, 5).

• f has one removable discontinuity.

x

y

4.2 Continuity of Piecewise Defined Functions

Example 4.2.1 Given the following function, answer the questions on the right.

f(x) =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

(x+2)(x−1)
x+2

x < 0

(x− 2)2 + 1 1 ≤ x < 3

4 x = 3

2 3 < x ≤ 5

4 5 < x

a. What is the domain of f?

b. Are there any discontinuities of f outside
of its domain? For each one, describe its
type.

c. Where is f discontinuous on its domain?
For each kind of discontinuity, give its type.
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4.3 Symbolically finding Limits of Removable Discontinu-

ities

Example 4.3.1 Find the following limits.

a. lim
x→3

x2−x−6
x−3

b. Let f(x) = 3x2 − 5. Find lim
h→0

f(x+h)−f(x)
h

.

4.4 The Intermediate Value Theorem

Definition 4.4.1

A function is continuous on a closed interval [a, b] if and only if it is continuous at every
number in the open interval (a, b), continuous from the right at a, and continuous from the
left at b.

Theorem 4.4.1

The Intermediate Value Theorem states that, if a function is continuous on some closed
interval [a, b], then given any number, say N , between f(a) and f(b), there exists some
number, say c between a and b such that f(c) = N .

The above theorem is a complicated way of saying you have to cross every y-value between f(a)
and f(b) at some x-value between a and b if the function is continuous. You can’t skip anything.

Example 4.4.1 Use the Intermediate Value Theorem to prove that there is a root of the given
equation on the specified interval.

sin(x) = x2 − x on (1, 2)
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