
MTH 251 LESSON 7. INCREASING, DECREASING, CONCAVITY, AND THE FIRST DERIVATIVE

7.1 Graphing the First Derivative

Remember that the Derivative Function outputs the slope of the Original Function. Thus, if the
original function is increasing, its slope is positive and the derivative function will output a positive
y-value. Conversely, if the original function is decreasing, its slope is negative and the derivative
function will output a negative y-value.

We can also pretty easily note that if the original function has a horizontal tangent line, its slope
is zero so the derivative function should output a y-value of zero at that location (x-value).

The above information is summarized in the first three columns of Table 7.1.1 below.

Now for the fun part where we investigate how the concavity of the original function relates to
the derivative function. Let’s consider the following four scenarios:

Figure 7.1.1:
Concave Down and
Increasing

Figure 7.1.2:
Concave Down and
Decreasing

Figure 7.1.3:
Concave Up and
Decreasing

Figure 7.1.4:
Concave Up and
Increasing

Let’s go through these one by one and think about how the slopes are changin.

In Figures 7.1.1 and 7.1.2 we note that, even though the first has a positive slope and the second
has a negative slope, the both have slopes that are decreasing. In Figure 7.1.1 we see positive
slopes that decrease to zero while in Figure 7.1.2 we see a zero slope that then decreases into more
and more negative slopes. Since both of these figures are concave down, we can conclude that if a
function is concave down on some interval, the derivative function will be decreasing.

In fact, this is the definition of concave down!

Definition 7.1.1

A function is Concave Down on an interval (a, b) iff the function’s derivative is Decreasing
on that same interval.

In other words, a function is concave down when its slopes are decreasing.

Let’s now think about Figures 7.1.3 and 7.1.4 where we note that the slopes are both getting larger
from left to right. In Figure 7.1.3 we see that the slopes are negative and getting less negative until
they get to zero (and are thus increasing). In Figure 7.1.4 we see that it starts with a slope of
zero and then the slopes get more and more positive. We conclude then, since both of these figures
are concave up, that if a function is concave up on some interval, the derivative function will be
increasing.
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Definition 7.1.2

A function is Concave Up on an interval (a, b) iff the function’s derivative is Increasing on
that same interval.

In other words, a function is concave up when its slopes are increasing.

This is all summarized in the last three columns of Table 7.1.1 below.

f ↗ → horizontal tan ↘ � inflection �
f ′ + 0 - ↗ → horizontal tan ↘

Table 7.1.1: The relationship between f and f ′.

Definition 7.1.3

An inflection point on a function occurs when the function switches concavities. At this
point the slopes are neither increasing or decreasing, they are switching from one to the other.

Example 7.1.1 The graph of a function f is given below. Use it to sketch the graph of the
derivative f ′ after answering the questions below.

x

y

1

2

Figure 1: y = f(x)

a. Where is the function increasing?

b. Where is the function decreasing?

c. Where is the function concave up?

d. Where is the function concave down?

e. Where is the function linear?

x

y
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Example 7.1.2 What are the four situations where a function is nondifferentiable within the func-
tions domain?

7.2 Derivative Notations

Notation: f ′(x) = y′ =
dy

dx
=

df

dx
=

d

dx
f(x) = Df(x) = Dxf(x)

IMPORTANT NOTE!: The symbols D and
d

dx
are called differential operators because they

indicate the operation of differentiation just like the plus sign indicates the operation of addition.

We use
d

dx
much like we use the addition symbol, that is, to state that we are about to

differentiate. For example:

d

dx
(x2 + x− 1) = 2x+ 1 where the left side says we are about to take the derivative of x2 + x− 1

and the right side is what we get after differentiating, the derivative of x2 + x− 1.

Leibniz Notation:
dy

dx
= lim

Δx→0

Δy

Δx

The Derivative of y at x = a we denote
dy

dx

∣
∣
∣
∣
x=a

Since velocity is the derivative of position and acceleration is the derivative of velocity it must be
that acceleration is the second derivative of the position.

v(t) = s′(t) =
ds

dt

a(t) = v′(t) = s′′(t) =
d2s

dt2

Where s(t) is a position function.

Another way to say this is that velocity is the rate of change or slope of the position and acceleration
is the rate of change or slope of the velocity.
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7.3 Position, Velocity, and Acceleration Revisited

Example 7.3.1 A car starts from rest and the graph of its position function is shown in the below
figure, where s is measured in feet and t in seconds. Use it to graph the velocity and acceleration
of the car. What is the acceleration at t = 2 seconds?

t seconds

s feet

1

20

Figure 7.3.1: y = s(t)

t seconds

v feet/second

t seconds

a feet/second2
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