
MTH 65 WS 1 (5.1 - 5.4,3.1) Systems of Equations Name:

To start the term, let’s review what a linear equation is. You spent much of last term
learning how to graph a line. What did the equations, that led to the graphed line, look
like?

While the equations could look a number of different ways, there are 2 forms you should be
familiar with from last term. The first form is what?

And the second form?

We will also see a third form:

The main thing to take from this is that, all of these are simple equations in two variables,
usually x and y. Two start the term, we will be primarily utilizing the slope− intercept
form. But, I’m getting ahead of myself.

The next thing to address is new. It is called a system of linear equations. What is this
exactly?

1) x + y = 5

2x− y = −11

2) 3x− 2y = −3

x + 5y = 16

Notice each of these equations are in the standard form of the equation of a line!

What is a solution to an equation?

What is a solution to a system of equations?

Okay, let’s check if the following are solutions to the above equations.

a. Try the point (3, 1) in (1):

b. Try the point (-2, 7) in (1):

c. Try the point (1, 5) in (2):

d. Try the point (1, 3) in (2):
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Easy peasy right!? No? Raise your hand please and let me know!

Okay, moving on. What does the graph of a linear equation represent?

So if we graph two lines on the same set of axis, where they cross represents what?

Okay, let’s graph the above systems of equations:

1) x + y = 5

2x− y = −11

2) 3x− 2y = −3

x + 5y = 16
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Here’s one more, just for a little extra practice:

3) x− 2y = 7

3x + 4y = 1

The next two problems have some special properties:

4) 2x + 3y = 3

−4x− 6y = 12

Note that, in the above example, the two lines did NOT cross! What does this mean in
terms of the solution of the system of equations?

5) 5x− y = 10

2y = 10x− 20
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Note here that the lines overlap each other, that is, they are the same line! What does this
mean in terms of the solution(s) to the system of equations?

Definition: We say that two lines that do NOT cross, in other words, a system of
equations with no solution, is inconsistent. On the other hand a system of equations with
ONE OR MORE solutions is consistent.
In the above examples, (4) is inconsistent while (5) is consistent (with infinite solutions).

So far, we have seen what it means to be a solution of a system of equations and what this
solution looks like graphically. But, what if we want to find the solution algebraically?! We
will discuss 2 methods for finding solutions to systems of equations algebraically. The first
method we will discuss is called the substitution method and is one of the most commonly
utilized techniques throughout mathematics. The second method we will discuss is the
addition method, also powerful and quite handy in solving even more complex systems of
linear equations!

Let’s jump right in with an example. I’ve completed the first one for you.

6) Solve the system of equations in (1) above by the substitution method.

x + y = 5

2x− y = −11

First we choose ONE of the equations and solve for ONE of the variables. It does
NOT matter which equation or which variable we choose. Here I will solve for y in the
first equation x + y = 5.

x + y = 5

−x − x

y = −x + 5
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Now we take this value for y and insert it into the OTHER equation 2x− y = −11.
Since y equals −x + 5, we can replace the y in 2x− y = −11 with −x + 5:

2x− y = −11 becomes

2x− (−x + 5) = −11 note the parenthasis

2x + x− 5 = −11 Now combine like terms

3x− 5 = −11 then solve for x

+5 + 5

3x = −6

3 3

x = −2

Now we can take this value of x and plug it back into the equation y = −x + 5 to find
the value for y!

y = −x + 5 becomes

y = −(−2) + 5 note the parenthasis

y = 2 + 5

y = 7

And we are done! Whew! So, the solution, as we found before, is (−2, 7). Remember,
when asked to find a solution to a system of equations, you should always go back and
show that it is in fact a solution as we did at the very beginning. We will not do that
again for this problem since we already showed that this was a solution.
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Now you try one. Same problem, just different numbers.

7) Solve the system of equations

3x− 2y = −3

x + 5y = 16

by the substitution method. Take a moment to consider which variable you want to
solve for in which equation.

Did you get (1, 3) as we did at the beginning? Again, don’t worry about checking this
time since we already showed that this was the solution.

We’ll do 4 more for practice and to see some interesting possibilities for what can happen.
Solve the following 4 systems of equations by the substitution method:

8) 3y − x = 4

2x− y = −1

2

9)
y =

1

2
x + 3

2y − x = −2

Whoa! What happend in (9)?! This is an example of an inconsistent system, that is, a
system with no solutions. Any time a system is inconsistent you will end up with an untrue
statement as we just did here.
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10) −5x + 2y = 1

y =
5

2
x +

1

2

11) 2(x + y) = 4x + 1

3(x− y) = x + y − 3

Both (10) and (11) were interesting situations as well. In (10) we saw what happens when
a system has infinite solutions. Any time you find a true statement such as 5 = 5 or 0 = 0
etcetera, we know the system is consistent with infinite solutions. In (11), we only had one
solution, but we had some extra work in finding it since our equations were not in standard
form. Also, note we are working with fractions in some of these problems. Just remember,
they’re numbers too, it just takes a little bit of extra care when we come across them in
our work. Follow the rules for dealing with fractions and everything should work out fine!
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Okay, let’s move on. It’s now time to learn about the addition method of solving systems
of equations. Here, we will put both equations into standard form if they are not already
so. The next steps are again, most easily explained by example. We will solve the following
system of equations by the addition method.

12) 3x + y = −2

−x− 2y = −6

We’ll start by multiplying the second equation by 3 on both sides:

3 · (−x− 2y) = (−6) · 3 note the parenthasis!

−3x− 6y = −18 then we’ll put the unused equation below this one:

3x + y = −2 and then add like terms:

0 − 5y = −20

−5y = −20

−5 − 5

y = 4

Now we will substitue this value of y into either of the first equations and then solve
for x. Here, I will substitute y = 4 into the first equation, 3x + y = −2.

3x + y = −2

3x + (4) = −2

−4 − 4

3x = −6

3 3

x = −2

Whew! So the solution to the system of equations is (−2, 4). Go ahead and check this:
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Now you try a couple. Solve the following systems of equations by the addition method,
remember to check your solutions!

13) x− y = 1

2x = −3y + 27

14) 5x− 2y = 8

2x + 3y = 11

Whoa! Number 14 takes a little bit of ingenuity. The way to go about this problem is to
multiply the top equation by 3 and the bottom by 2. What’s the other possibility to make
this work out?

Okay, just 2 more and we’ll move on to applications. Solve the following systems of
equations by the addition method:

15) 3x− 3y = 6

y = x− 2

16) x + 3y = 12

−3x− 9y = 18

Did you get infinite solution to (15) and no solutions to (16)? Just like when we are solving
systems of equations by substitution, if you get a statement that is always true,
independent of the values of x or y such as 5 = 5 or 0 = 0 then we have a consistent system
with infinite solutions. If you get a statement that is always false, independent of the
values of x or y such as 0 = 54, then we have no solutions (an inconsistent system)!
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In both of the methods we have gone over, note the importance of the equal sign. When
performing algebra, it is of utmost importance that we understand what the equal sign
means and all of the implications it has so that we can utilize it correctly. When we
separate two things by an equal sign, it very specifically means that the things on each side
of the equal sign are equivalent, they are the same in every aspect and one can be
substituted for the other when it is of use to do so.

Real quick, we’ll do a quick example of how to translate some English into a system of
equations to solve.

17) Say the sum of three times a first number and twice a second number is 43. If the
second number is subtracted from twice the first number, the result is -4. What are
the numbers?

What we need to realize is that, in the first sentence, the word “sum” refers to the
“and” further along in the sentance. That “and” tells us to put a plus sign in its
location. In the second sentence, when it says that the “second number is subtracted
from twice the first number,” we need to realize that we write twice the first number
before the minus sign and the second number after the minus sign.

What should the system of equations look like? Go ahead and write it out and solve
it. Don’t forget to check your solution.
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So, what’s all this good for? Why do we learn these things? Well, so that we can
apply it to real life of course! Let’s start with something simple.

18) The table below holds calorie-nutrient information for an apple and an avocado. How
many apples and how many avocados should be eaten to total 1000 calories and 100
grams of carbohydrates?

One Apple One Avocado
Calories 100 350

Carbohydrates (grams) 24 14

What steps do we take when tackling a story problem involving systems of equations?
List them in order.

Go ahead and work this problem out, following these steps.

11



For our next problems we are going to look at interest rates and mixing ingredients.
Whenever you see an interest rate problem or a mixture problem, you can draw a
simple diagram to help find the system of equations to solve. Let’s take a look at the
first example.

19) You invested $20,000 in two accounts paying 7% and 9% annual interest. If the total
interest earned for the year was $1550, how much was invested at each rate?
First, define your variable with units:

x amount invested in first account
7%
.07x interest earned in first account

y amount invested in second account
9%
.09y interest earned in first account

So what are the equations for our system? Well, we know the total amount invested and
we know the total interest earned right? Go ahead and write out the system of equations
and solve it, then state the conclusion with the proper units.
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Now a mixture problem.

20) How many ounces of a 50% alcohol solution must be mixed with 80 ounces of a 20%
alcohol solution to make a 40% alcohol solution?

This can be drawn up similarly to the interest problem.
First, define your variables with units:

x ounces of first alcohol solution
50%
.50x amount of alcohol in first solution

80 ounces of second alcohol solution
20%

.20·80 amount of alcohol in second solution

So what are the equations for our system? Well, we don’t know the total ounces of alcohol
used, so we’ll let that be y. We don’t exactly know the total amount of alcohol after
mixing but we do know that it will be 40% of the total amount of alcohol, so we can write
.40y. Go ahead and write out the system of equations and solve it, then state the
conclusion with the proper units.
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The next problem we’ll be tackling will be a distance equals rate times time problem.

21) When an airplane flies with the wind, it travels 800 miles in 4 hours. Against the wind,
it takes 5 hours to cover the same distance. Let x = the plane’s rate in still air and let
y = the rate of the wind. Find the plane’s rate in still air and the rate of the wind.

First define your variable with units.

Now we are going to set up a table and fill in what we know:
Distance = Rate · Time

Against the wind
With the wind

So what are the equations for our

system? Well, we can just copy them from the table! Go ahead and write out the
system of equations and solve it, then state the conclusion with the proper units.
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Next we’ll face an area problem.

22) A rectangular lot whose perimeter is 1600 feet is fenced along three sides. An
expensive fencing along the lot’s length costs $20 per foot. An inexpensive fencing
along the two side widths costs only $5 per foot. The total cost of the fencing along
the three sides comes to $13,000. What are the lot’s dimensions?

First define your variable with units.

With problems determining the dimensions of some shape, it is always best to start by
drawing the picture.

How does this help? What are the equations for our system? Before jumping into this,
add one more bit of information to the picture: the cost of fencing next to each side.
Now, we know that there is 1600 feet of fencing and three sides are fenced so we must
have 2w + l = 1600. Also, we can now see that the fencing along the front will cost
$20·l while the fencing along a side will cost $5·w. Since there are 2 sides and one
front being fenced and we know the total cost of fencing, we should be able to figure
this out! Go ahead and write out the system of equations and solve it, then state the
conclusion with the proper units.
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The final problem we are going to look at should hopefully be a bit more relaxing. It
looks at the cost of items being purchased and is kind of a fun puzzle to solve.

23) A restaurant purchased eight tablecloths and five napkins for $106. A week later, a
tablecloth and six napkins were bout for $24. Find the cost of one tablecloth and the
the cost of one napkin, assuming the same prices for both purchases.

First define your variable with units.

So what are the equations? I’ll give you a chance to try and think through this one on
your own. Go ahead and write out the system of equations and solve it, then state the
conclusion with the proper units.
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