
MTH 65 WS 2 (6.1 - 6.5, 6.7) Polynomials

This week we will be discussing polynomials, how to add and subtract them, how to
multiply and divide them, what a polynomial in more than one variable looks like and how
to work with multiple variable polynomials.

§ 6.1

Let’s start by discussing what exactly a polynomial is.
We should, by now, be familiar with exponents such as 23 or (−7)5. If we apply exponents
to variables then we end up with expressions like x2 or 10y3. A polynomial is simply an
expression where we add or subtract things like 4x3, 9z and 14x5 from each other. Here are
some basic examples:

5x3 + 9y2 − z

7x + 2z3 − 2x

42y5

8x3 − 96x21 + 12x− 17

Notice that a plynomial can have as many number of terms as we would like (including 1),
as many different variables as we would like, the exponents for each variable are whole
numbers (note x1 = x and 5 = 5x0) and constants are okay!

An important thing to note: the exponent of each variable must be a whole number for the
expression to be considered a polynomial. We will discuss this further at a later time.

The formal definition for a polynomial is as follows: Polynomial: A single term or the
sum of two or more terms containing variables with whole-number exponents.

For now, we will focus on polynomials with only one variable.

The next thing we need to define, to make talking about polynomials easier, is the degree
of a polynomial. First, I will talk about the degree of a single term polynomial axn which
we call a monomial. I’ll give the formal definition and then explain in layman terms what
this means.
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Degree of axn: If a 6= 0 and n is a whole number, the degree of axn is n. The degree of a
nonzero constant term is 0. The constant zero has no defined degree.

All this is really saying is that we define the degree of a single term polynomial (a
monomial) to be the exponent of the variable. If there is no variable the degree is zero or
undefined - the degree is zero if we have a nonzero constant and is underfined if the
monomial is 0.

What are the degrees of the following monomials?

1) 5x3

2) −11x9

3) 179x

4) 23

5) 0

6) Why is the degree of 93x, one?

7) 4

8) −2178

9) 0

10) Why is the degree of 71, zero?

11) Why is the degree of 0, undefined?
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Okay, real quick note that a two term polynomial is called a binomial and a three term
polynomial is called a trinomial. For example, the following are binomials:

2x2 + x

−3x− 127x8

123− 5x3

And, the following are trinomials:

5x3 − x + 72

−x2 − 2x + 3

129x + 35x3 − 16x7

One last thing to talk about before we start dealing with the mechanics of working with
polynomials, is talking about the degree of a polynomial with more than one term.

The degree of a polynomial is the greatest degree of all the terms of the polynomial

Use the definition of the degree of a polynomial to determine the degrees of the following
polynomials:

12) 2x2 + x

13) −23x3 − x + 784x7

14) x2 + x + 1

15) 3

16) 2x− 11x51 + 3 + 62x2

Alright, now that we have our definitions down, we get to start adding and subtracting
polynomials from each other. Let’s do some examples!

Add the following:

17) (−9x3 + 7x2 − 5x + 3) + (13x3 + 2x2 − 8x− 6)
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In order to add these polynomials, we needed to remember the concept of adding like
terms. In the above example, −9x3 and 13x3 are like terms, 7x2 and 2x2 are like terms,
−8x and −5x are like terms and 3 and −6 are like terms.

Now you try. Add or subtract the following:

18) (23x− 12x3) + (3x3 − 2 + 15x2)

19) (12− x4 + 2
3
x + 11x2) + (5x4 + 1

2
x2 − 3)

20) (2y3 + 3y + 10) + (3y2 + 5y − 22)

21) (7r4 + 5r2 + 2r) + (−18r4 − 5r2 − r)

22) (x2 − 5x + 3)− (13x2 + 2x− 1)

23) What was the first step taken when subtracting polynomials?

24) (x− 2)− (7x + 9)
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25) (x2 − 5x + 3x7)− (2x3 + 5− x2)

26) (2y6 + y3)− (3y6 + 2y3)

27) (3
8
n2 − 1

3
n− 1

4
)− (−1

8
n2 + 1

2
n− 1

4
)

So far so good, right?!
Okay, now we’re going to do the same thing, but using vertical format.

28) 7x2 − 5x− 6

−9x2 + 4x + 6

29) 5y + 6y3 − 2− y2

7y2 + y − 5

30) 1

3
x9 − 1

5
x5 − 2.7

−3

4
x9 +

2

3
x5 + 1

31) 7y2 − 11y − 6

8y2 + 3y + 4

−9y2 − 5y + 2
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32) 7x4 − 3x3 + 2x2

−(3x5 + 2x3 − 5x2)

33) 1

2
x2 +

2

3
x− 4

−(−x2 − 1

4
x +

2

7
)

.

Alright, now let’s use these techniques!

34) As you complete more years of education, you can count on a greater income. The bar
graph on page 348 shows the median, or middle-cost, annual income for Americans, by
level of education, in 2004.

Here are polynomial models that describe the median annual income for men, M , and
for women, W , who have completed x years of education:

M = −18x3 + 923x2 − 9603x + 48, 446

W = 17x3 − 450x2 + 6392x− 14, 764

a. Use the equations above to find a mathematical model for M - W .

b. According to the model in part (a), what is the difference in the median annual
income between men and women with 16 years of education?

c. According to the data displayed by the graph, what is the actual difference in the
median annual income between men and women with 16 years of education? Did
the model in part (b) underestimate or overestimate the difference? By how
much?
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Let’s now look at graphing the equation y = x2. I’ll start by asking a familiar question. In
general, what is a solution to y = x2?

So, if x = 3, what does y have to equal in order to have a solution to y = x2?

Use similar logic to fill out the following table:

x y = x2

-3
-2
-1
0
1
2
3

Why didn’t I put 10, 15 or -20 in the x column of the table above?

Go ahead and graph the points from the table above and use these to sketch the equation
y = x2.

You will be expected to know how to graph this equation on a quiz or test at some point!
Just a little f.y.i.
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§ 6.2

Let’s move on to multiplying polynomials! The first thing we need to look at is what is
called the product rule for exponents. Let’s look at an example:

25 · 23 = (2 · 2 · 2 · 2 · 2) · (2 · 2 · 2)

= 2 · 2 · 2 · 2 · 2 · 2 · 2 · 2
= 28

So what we see is that 25 · 23 = 2(5+3) = 28. This example really sums up the product rule
for exponents. Formally:

The Product Rule For Exponenets:

bm · bn = bm+n

When multiplying exponential expressions with the same base, add the exponents!

That’s it, that’s the rule! Note, this doesn’t work if the bases are different! That is,
23 · 32 6= (2 · 3)3+2 or any other such nonsense. In such a case, we need to apply the
exponent first before multiplying. Thus expressions such as as x3 · y5 = x3y5 cannot be
simplified any further.

1, 2, 3, example time!

35) 34 · 32 =

36) x2 · x4 =

37) r3 · r12 =

38) y4 · y2 · y =

Next rule: The Power Rule for Exponents tells us how to deal with something like
(23)5. For that specific example we have:

(23)5 = 23 · 23 · 23 · 23 · 23

= 23+3+3+3+3 by the product rule for exponents

= 23·5

= 215

More formally:

The Power Rule for Exponents:

(bm)n = bm·n

When an exponential expression is raised to a power, multiply the exponents!
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Pretty straightforward?! Good! Hammer time!

39) (52)4 =

(x3)2 =

(−n27)3 =

Okay, this brings up a very important point. What is the difference between −23 and
(−2)3?

And another rule: (by the way, I hate thinking of these as ”rules”. They are really just
shortcuts in logic! They work for specific reasons.) The Products-to-Powers Rule for
Exponents tells us what to do with something like (2x)3, (xy)2 or (x2y3z4)3. Here’s how
we would need to deal with the last of these:

(x2y3z4)3 = (x2y3z4) · (x2y3z4) · (x2y3z4)

= x2 · y3 · z4 · x2 · y3 · z4 · x2 · y3 · z4

= x2 · x2 · x2 · y3 · y3 · y3 · z4 · z4 · z4

= x2+2+2 · y3+3+3 · z4+4+4

= x2·3 · y3·3 · z4·3

= x6y9z12

What we see is that the 3 in the exponent outside of the original parenthesis was multiplied
into each of the exponents for the x, y and z! The rule is such:

Products-to-Powers Rule for Exponents:

(ab)n = anbn

When a product is raised to a power, raise each factor to the power!

Ready, set, go!

40) (9x)3 =

41) (−3z2)4 =

42) (12x2y3z−2)2 =

9



Alright, chugging right along! Now, we can actually start multiplying polynomials! We’ll
start with the easiest polynomials, monomials.

43) (5x)(3x3) =

44) (−12y2)(2y4)(−3y−1) =

45) (2x3)2(7x)(−x2) =

Okay, but, what if we want to multiply a monomial by a polynomial that is not a
monomial? Well, we need to use the distribution law. Here’s a quick example:

3y3(y2 − 2y + 3) = 3y3 · y2 − 3y3 · 2y + 3y3 · 3
= 3y5 − 6y4 + 9y3

This is really working just like when you distribute a single number across parenthesis. The
only extra thing to worry about is the adding the exponents when you have like bases.
That being the case, we’ll move straight on to multiplying two binomials together. The
technique is that we’re going to distribute the parenthesis on the left across the parenthesis
on the right, like this:

(x + 2)(x− 5)

(x + 2) · x− (x + 2) · 5

and then right distribute, like this:

x · x + 2 · x− (x · 5 + 2 · 5)

and finally, distribute the negative through, then combine like terms:

x2 + 2x− 5x− 10 = x2 − 3x− 10

Notice that I finished off the multiplication in that last step. Notice also that this
technique works with any polynomial, not just binomials!

Alright, your turn! Multiply the following polynomials:

46) (x− 7)(2x + 1) =
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47) (5x2 + x)(x− 3) =

48) (r + 1)(r2 − 2r − 4) =

49) (3y2 + y − 3)(2y3 − 4y + 1) =

§ 6.3

You guys now have a new favorite word! What’s the word? FOIL! Let’s do another
multiplication example of two binomials:

What does FOIL stand for?
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Let’s do some examples!

50) (7− 2y)(10− 3y)

51) (7x3 + 5)(x2 + 2)

52) (2 + 5x)(1− 7x)

53) (2x2 − x)(3 + 2x)

So, there’s this neat FOIL technique to use when multiplying binomials together, but what
if we have trinomials or quadnomials?!

54) (3x2 − 2x + 1)(−x2 + 6x− 2)

55) (2x3 − 8x− 5)(7x− 5x2 + 10)

56) (x2 + 3x− 7)(x2 − x + 1)

57) (−x5 − 2x2 + x)(−3x− 1 + 2x3)

So what was the key thing we needed to do when performing this multiplication?
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There are some special binomial multiplications as well. If we FOIL out (A + B)(A−B)
what do we get?

This is called the:

Go ahead and give these guys a shot:

58) (4y + 3)(4y − 3) 59) (5a4 + 6)(5a4 − 6)

The next special product is:

What do you get when you expand (A + B)2?

Go ahead and try the following:

60) (x + 3)2 61) (3x + 7)2

Let’s do some fun application. Sometime around 530BC, Pythagoras of Samos proved that
in a right triangle, a2 + b2 = c2 where c is the hypotenuse of the right triangle. This is
called the Pythagorean Theorem. Go ahead and draw a right triangle and label the
sides as a, b and c with c as the hypotenuse.

Now we’re going to prove the Pythagorean Theorem. Draw what I put on the board.
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Fun, yes?! Well, I think so. We’ve got one last special product and then we’ll look at
polynomials in several variables. This last one is called

. What do you get when you FOIL out (A−B)2?

Here are a couple of quick examples:

62) (7x− 3)2 63) (2
3
y − 11y3)2

§ 6.4

All right! Are we ready to visit polynomials in several variables? A polynomial in several
variables is simply a polynomial with 2 or more variables. Here are some quick examples.
What are the degrees of the following polynomials?

64) 1
4
x2y − 2xy + 4y

65) 8x4y5 − 7x3y2 − x2y − 5x + 11

66) 7x2y3 − 17x4y2 + xy − 6y2 + 9

67) 1
2
xy2 − 2

3
x2y + 1

4
x2y2 − 3

5
xy

What now happens when we let x = 2 and y = −3 in the above polynomials?

68) 69)
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Now let’s add and subtract the next couple of polynomials in several variables:

70) (6xy2 − 5xy + 7) + (9xy2 + 2xy − 6)

71) (4
7
x2y3 − 2

3
xy + 7) + (3

7
x2y3 − 1

3
x− y)

72) (7x3 − 10x2y + 2xy2 + 5)− (4x3 − 12x2y − 3xy2 + 5)

73) (x3 − y3)− (−6x3 + x2y − xy2 + 2y3)

What has to be true for two terms to be “like”?

Now let’s try distributing a monomial in several variables across a polynomial in several
variables.

74) 3x2y(4x3y2 − 6x2y + 2) 75) −2ab2(20a2b3 + 11ab)

Finally, let’s multiply some polynomials in two variables. Remember to apply the correct
form when applicable.

76) (7xy + 1)(2xy − 3)

77) (5a2b + a)(5a2b− a)

78) (x + y)(x2 + 5xy + y2)

79) (x + y + 1)(2x2y − x + 2)
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80) (2x + 5y)2 81) (a− b)(a2 + b2)

And, finally, a story problem!

82) The number of board feet, N , that can be manufactured from a tree with a diameter
of x inches and a length of y feet is modeled by the formula

N = 1
4
x2y − 2xy + 4y.

A building contractor estimates that 3000 board feet of lumber is needed for a job.
The lumber company has just milled a fresh load of timber from 20 trees that
averaged 10 inches in diameter and 16 feet in length. Is this enough to complete this
job? If not, how many additional board feet of lumber is needed?

§ 6.5 and 6.7 So, we’ve covered addition, subtraction and multiplication of polynomials.
Can you guess where we’re going next? That’s right! Division! Before we talk about
dividing polynomials, let’s look at the following situation:

27

23
= 2·2·2·2·2·2·2

2·2·2 = 62·62·62·2·2·2·2
62·62·62 = 2 · 2 · 2 · 2 = 24

Notice what happened here, of the original seven 2s in the numerator, three of them were
cancelled to leave 4 2s overall. Thus 27/23 = 27−3 = 24.

16



This gives us our general quotient rule for dividing exponential expressions with the
same base:

bm

bn
= bm−n, b 6= 0

That is, when dividing exponential expressions with the same nonzero base, subtract the
exponent of the denominator from the exponent of the numerator and use this as the
exponent for the common base.

Here are some practice examples:

83) 28

24

84) x13

x3

85) x12y15z4

x3y10

86) 15y27x3z10

12xy12z5

Let’s look at a little bit different example:

35

38
= 3·3·3·3·3

3·3·3·3·3·3·3·3 = 63·63·63·63·63
63·63·63·63·63·3·3·3 = 1

3·3·3 = 1
33

Here, five of the 3s in the denominator were cancelled to leave three 3s in the denominator.
So, in short, 35/38 = 1/38−5 = 1/33.
This gives us a new rule for how to divide exponential expressions with the same base:

bm

bn
= 1

bn−m , b 6= 0.

That is, when dividing exponential expressions with the same nonzero base, subtract the
exponent of the numerator from the exponent of the denominator and use this as the
exponent for the common base in the denominator.
Here are some practice examples:

87) 53

57
88) x4

x9
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89) xy5z4

x3y10z2
90) 7y2x5z10

21x7y12z15

Okay, that’s great, but if we use the first rule given for x5/x8 we get x4/x9 = x4−9 = x−5 while
(6) gave us x4/x9 = 1/x5. So which one is it?! Well, the answer is... BOTH! This means that
x−5 = 1/x5!

Basically, what we are saying is that since positive exponents describe repeated
multiplication, negative exponents describe what?

For the next problems, write the solution using both rules so that you see the answer with
both a positive and negative exponent:

91) 78

74

92) x9

x13

93) x12y7z4

x3y11

94) 24y8x5z10

30xy12z5

What if we wanted to write then solution to a division problem such as these with all
positive exponents? Then we should mix the two rules above. That is, if the exponent is
larger in the denominator than the numerator we use and if
the exponent is larger in the numerator than the denominator we use

. Try these guys out:

95) 73w7x2

2·75w4x9

96) 25x9d3m
13m3x13

97) wx12y7z4

w5x3y10z2

98) 19y8a3x5z10my9

38xm2y12z5b4
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Got it? Okay, let’s try another special situation. What happens when we take 23/23?

But, what does our first rule give us for this same problem?

So, the conclusion is that generally, we have the zero-exponent rule:

b0 = 1, b 6= 0

That is, if b is any real number other than zero, b0 equals 1.

Real quick, what are the following?

99) 50 100) y0 101)
(
9y
x

)0
Number (101) kind of brings us to our next topic. That is, what to do with things such as

(2x3/9y)
4
. If we expand this out we get:

(
2x3

9y

)4

= 2x3

9y
· 2x3

9y
· 2x3

9y
· 2x3

9y
= 2x3·2x3·2x3·2x3

9y·9y·9y·9y = (2x3)4

(9y)4

Then we apply our product to powers and powers to powers rules that we learned last
week to get:

24(x3)4

94y4
= 16x12

6561y4

This is an example of what rule?

(
a
b

)n
= an

bn
, b 6= 0.

That is, when a quotient is raised to a power, raise the numerator to the power and divide
by the denominator also raised to that power.
As we saw in the example above, what we are raising to ”that power” might not be a single
number or variable, but a more complex expression.
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Ready, set, example time:

102)
(
5
3

)3

103)
(

x
y

)9

104)
(

2x2

m2

)7

105)
(

33x4y7

24x5z

)2

So far, we’ve only looked at quotients to powers with positive exponents. What happens
if the outside exponent is negative? Example time:

106)
(
3
5

)−4

What we get is the following rules (which the book does NOT cover, so you may want to
pay specific attention):

Negative exponents in fractions

a−n

b−m = bm

an
, a, b 6= 0

When a number or variable is raised to a negative exponent in a fraction, switch whether
it’s in the numerator or denominator and change the exponent to a positive.

Fractions to negative exponents

(
a
b

)−n
=

(
b
a

)n
, a, b 6= 0
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Can we get some examples in the house?! You know we can!

Simplify the following, ending with all positive exponents:

107) 53x−2

2y−1

108) 2x5y−3

3x−2y2

109) 9x2y−2

12x−3y−4

110)
(

5x
9y

)−1

111)
(

x3y2

2y4

)−3

112)
(

26xy3z4

65x2yz12

)−2

113)
(

3xy−3

6x−1y2

)−2
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Alright, we’re going to take a break from this algebra for a moment and look at what is
called Scientific Notation for a little bit. This notation is highly utilized throughout the
sciences and even in the social sciences! It is a way to write very large numbers and very
small numbers in a manner that is both more compact and easy to recognize it’s magnitude.
The idea is this: If we remember back to Math 20, when we multiply a decimal number by
10, we simply move the decimal over to the right 1 place. If we multiply by 100, we move
the decimal over 2 places, and so on, moving over one place to the right for each zero.
Similarly, if we divide a decimal number by 10 we move the decimal over one place to the
left, if we divide by 100 we move the decimal over 2 places to the left, and so on, moving
the decimal over 1 place for each zero.
Capisce? Now, the number of zeros after a one is the same as the exponent when writing
the number as 10 to the something. That is: 1000 = 103, 100, 000 = 105,
1, 000, 000, 000 = 109 and so on. So, if I’m multiplying 5.3 by 10000, I could write it
5.3× 104. Similarly if I were dividing 5.3 by 10000, I could write it 5.3

104
. Further, when

dividing we can change our form in the following manner:

a
b

= a
1
· 1
b

= a · b−1 = a× b−1

This shows us that we could write 5.3
104

as 5.3× 10−4 by simply taking the denominator out
to the right and changing the exponent to a negative. I think this may become more clear
as we do some examples.

Change the following to exponential form and use an × instead of a · for the following:

114) 7.6 · 10000000 115) 19.8
100000

Now, we need to talk about the conventions of scientific notation. Well, really, there’s only
1 convention, and that is that the number before the × should be between 1 and 10. So, in
(34) to finish converting this to scientific notation, I would need to note that
19.8 = 1.98× 10 so 19.8

100000
= 1.98×10

100000
= 1.98

10000
= 1.98× 104. Here are some examples to give us

a feel for what we’re talking about:

Convert the following to scientific notation, rounding to the second decimal place:

116) 26, 134, 000 lbs

117) 0.000, 000, 000, 000, 002, 82 m

118) 299, 792, 458 m/s

119) 0.0000002 cm
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The easier direction is going from scientific notation to decimal notation. See if you can do
these real quick:

Convert the following from scientific notation to decimal notation:

120) 9.8× 103 mm/s2

121) 1.50× 1011 km

122) 1.0× 10−3 m

123) 7.3× 10−7 s

Story problem time!

As of December 2006, the national debt was $8.6 trilliion, or 8.6× 1012 dollars. At that
time, the U.S. population was approximately 300,000,000 or 3× 108. If the national debt
was evenly divided among every individual in the United States, how much would each
citizen have to pay?

This story problem gives us an example of needing to divide in scientific notation. We have
some general rules for this:

Division:

a×10n
b×10m =

(
a
b

)
× 10n−m

Multiplication:

(a× 10n) · (b× 10m) = ab× 10n+m

Exponentiation:

(a× 10n)m = am × 10nm
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Notice here that all of these rules come straight from the rules we did over the last few
days. Here are a couple of examples to get us going:

Multiply, divide or exponentiate as required:

124) (4× 105)(2× 109)

125) (5.3× 10−3)(6.1× 1012)

126) 1.2×106
4.8×10−3

127) (2.36× 10−17)3

How about a quick story problems or two?

128) A human brain contains 3× 1010 neurons and a gorilla brain conatins 7.5× 109

neurons. How many times as many neurons are in the brain of a human as in the
brain of a gorilla?

129) If the sun is approximately 9.14× 107 miles from earth and light travels at the rate of
1.86× 105 miles per second, how many seconds, to the nearest tenth of a second, does
it take sunlight to reach Earth?
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Whew! We’ve made it through scientific notation! Let’s move on to bigger and better and
just generally more awesome things.

So, we’ve divided a monomial by a monomial and now it’s time to divide other polynomials
by a monomial. After this we’ll divide polynomials by a binomial! First, a little review of
adding fractions:

Say I want to add −1
4
x to −1

5
x. The first step is to find what?

This looks like:

−1
4
x− 1

5
x = −5

5
· 1
4
x− 4

4
· 1
5
x = − 5

20
x− 4

20
x = − 9

20
x

Let’s break that last step down a little bit more:

− 5
20
x− 4

20
x = −5−4

20
x = − 9

20
x

If we look at just the fraction part and do it backwards we get the following:

−5−4
20

= − 5
20
− 4

20
= −1

4
− 1

5

What did we do here? We took a sum divided by a single number, broke it up into two
fractions and then divided! But wait, this is exactly what we want to do, right?! I mean,
−5− 4 is essentially a binomial and 20 is a monomial, so we’ve just divided a polynomial
by a monomial! Let’s do some examples with variables:

130) 10x8+15x6

5x3

131) (−12x8 + 4x6 − 8x3)÷ 4x2

132) 16x5−9x4+8x3

2x3

133) 15x5y4−3x3y2+9x2y
3x2y

25



§ 6.6

Let’s try dividing a polynomial by a binomial now. This is decidedly more difficult, but
fortunately, we all learned a nifty technique called long division that, guess what, is going
to help us out again! Although, this time in a much more sophisticated manner.
Say I want to divide x2+10x+21

x+3
Well, let’s set this up like a long division problem.

Remember we take the denominator and put it to the left of the the division bracket and
take the numerator and place it beneath the division bracket, like such:

x + 3|x2 + 10x + 21

So we say x times what equals x2, took the answer to this and placed it above the x2. We
then distributed this answer through x + 3 and wrote this new binomial below
x2 + 10x + 21 and then subtracted, just like in long division with numbers!

Now you try!

134) Divide x2 + 14x + 45 by x + 9. 135) Divide 7x−9−4x2+4x3

2x−1 .
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136) Divide 8x3−1
2x−1 . 137) Divide x5−1

x−1 .
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