
MTH 252 WS 2: Optimization (Stewart § 4.6)

Skills:

� Students will learn to determine a function which models a scenario to be optimized.

� Students will use the first derivative to help find absolute extreme function values over a
closed interval.

� Students will use technology to graph functions for optimization to determine solutions
graphically.

1. You have a piece of aluminum sheet metal which is 8 feet by 3 feet and you’re wanting to
construct an open-top box of maximum capacity. If you cut a square of length x (in feet)
from each corner of the sheet of metal and then fold up the remaining flaps to create your
box, what should you choose x to be in order to maximize the volume of the box? What
volume will this box have and how much material needs to be recycled?
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Your Turn!

2. You’re designing a 12 oz. can of soda and are trying to minimize the amount of material used
to make the can. Determine the radius and height of the can with the minimal surface area
assuming it’s a perfect cylinder. What is the minimal surface area? Note: 12 oz. ≈ 355 cm3.

Follow up Question: An actual soda can today has a radius of approximately 3.302 cm. and
height of approximately 12.268 cm. What factors may be coming into play which require the
industry to use dimensions other than what we’ve found? What happens if we apply the
formula for the volume of a cylinder to the dimensions I’ve given for an actual soda can?
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3. The other day I was out playing fetch with my dog on the beach. I was standing with my dog
right on the edge of the water when I whipped the ball (with one of those ball flicking handle
things) out into the water. The ball lands in the water 100 feet down the coastline and 60
feet perpendicularly into the water. My dog takes off and, to my astonishment, doesn’t jump
straight into the water to swim after the ball, nor does he run all the way to where the ball is
perpendicular to the shore and jump in there. No, he picks a spot that, at first, seems to be
arbitrarily part way down the shore to jump into the water, and then bee lines it to the ball. I
sat down with a pencil to determine the optimal location to jump into the water to minimize
the amount of time to fetch the ball. I assumed my dog could run 25 ft./sec. in the sand and
could swim 10 ft./sec. What did I find the optimal location to be? If I guessed my dog ran
about 70 feet down the shore before jumping in, how accurate were my dogs instincts?
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4. You decide to start making and selling necklaces online. You start by setting the price at $25
per necklace. Over the next few months you realize that you’re averaging 12 sales per day.
You decide to play around with the pricing to see how this will affect your sales. You drop
the price to $22 per necklace and find that you start averaging 17 sales per day. Assuming a
linear relationship between price and demand, determine a profit function to maximize, and a
demand equation which will work as your constraint equation. Use these to determine the
price point which will maximize your profit.
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Your Turn!

5. Geometry fun! Pick either of the following problems to work through.

a. Find the rectangle of largest area that
can be inscribed in a semi-circle of radius
r.

b. Find the area of the largest rectangle
that can be inscribed in the ellipse with

equation
x2

a2
+

y2

b2
= 1.
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6. Origami Activity!

We will start by folding an equilateral triangle with a base along one side of the square piece
of paper. We will then find the equilateral triangle of maximum area within the square and
find a way to fold that as well!

a. First fold your square to produce a 30◦ − 60◦ − 90◦ triangle inside it. Hint: You want
your fold to make the hypotenuse twice as long as one of the sides. Keep trying! Discuss
with your group how it is that you know your method has produced the desired triangle.

b. Now use what you did in Question 1 again to fold an equilateral triangle inside the
square.

c. Follow-up: If the side length of your original square is 1, what is the length of a side of
your equilateral triangle? Would it be possible to make the triangle’s side length bigger?
Discuss this within your group.

d. Draw some pictures of how we might cram the biggest equilateral triangle within our
square. Would you agree that the equilateral triangle of maximal area must have a
corner which coincides with a corner of the square? Discuss this within your group.

e. Assuming a corner must coincide with a corner of the square, draw a picture of what
your triangle might look like, with the common corner of the two figures in the lower left.
Now you’ll need to creat your model by labeling your picture with some variables. (Hint:
Let θ be the angle between the bottom of the square and the bottom of the triangle.)

f. Come up with the formula for the area of the triangle in terms of one variable, x. What
happens when you take the derivative and set it to zero? Is this a critical value? Does it
give us the triangle with maximal area?

Next page!
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g. It appears that our maximal area is going to be at the end-value of our domain. This
becomes the hard part of the problem. Discuss this in your group. Can you intuitively
tell where this end-value which maximizes our area will be?

h. Determining the domain in terms of x is very difficult. Instead we will rewrite our area
function in terms of θ and determine the domain of θ. Find an equation that relates the
variables x and θ and then rewrite your area function in terms of θ.

i. To determine our domain in terms of θ we need to look at our picture and figure out
what our constraint for how far we can rotate the triangle before it breaks the
boundaries of the square. Draw a picture of this extreme case and draw a dashed line
from the bottom of the square to the point where the triangle hits the top of the square
(this will make sense if you’ve drawn your extreme case correctly). Note that

cos(θ) =
1

length of side of triangle
. You’ll need to use this with another equation then

and solve for θ. Hint: cos(θ) = sin(90◦ − θ). Hint 2: The answer is θ = 15◦.

j. State the domain of the area function in terms of theta.

k. With your formula and the interval for θ in hand, use techniques of optimization to find
the value of θ that gives you the maximum area for the equilateral triangle. Also, find
the value of this maximum area.

l. Find a way to fold this equilateral triangle with your origami paper! Hint: It’s easier
than you may think!
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Strategy for success when dealing with Optimization Story Problems, i.e. “Goodness!
I thought related rates problems were hard! Problems.”

a. State explicitly what it is you’re trying to maximize or minimize. This is really helpful to do
right away! Define a variable to the thing you are trying to minimize or maximize. Include
units.

b. Draw a basic picture of the situation.

i. Use variables to label any lengths or angles that the problem suggests may be important.
Think about what it is that you’re trying to maximize as you do this. It may be helpful
to draw more than one picture. One in “3D” and the other with the item flattened out in
2D. Define any variables specifically including units.

c. Set up two columns on your paper. The first give the heading of “Maximize” or “Minimize”
depending on which we’re doing. Give the second the heading of “Constraint(s).”

d. Your first goal, now that we have everything organized, is to come up with a formula for the
thing your are trying to optimize (see item (b)). This can be in terms of one, two, or three
variable at this point. That’s okay! Note this could be very apparent (you already have
something memorized) OR it could be obfuscated. That is, you need to break down the
picture(s) and figure out the formula yourself. This could potentially be challenging. Don’t
give up, you can do it! This work should all be in the first column labeled “Maximize” or
“Minimize.”

e. Now we need to come up with one or more constraint equations. Start by stating explicitly
what is constraining us in this situation.

f. From the picture determine the equations which constrain out situation. Take your time and
think critically about the situation. What do you know, what all is changing? One thing that
can really help is understanding that the next step is to use the constraint equation to
replace one or more variables in the equation we want to optimize found in the previous step.
This work should all be done under the column labeled “Constraint(s).”

g. Isolate the appropriate variable(s) in the constraint equation(s) and then substitute it/them
into the formula we’ve found under “Maximize” or “Minimize.” This should result in the
thing we are trying to optimize as a function of a single variable.

h. Determine and state the domain of this function. This should be done in terms of the
situation. You should be able to look at the picture to determine the end-values of the
domain.

i. Take the derivative of the function and set it equal to zero to find the critical numbers.

j. Determine the absolute min or max (depending on what you’re trying to do) for the interval
in question. Plug the critical number and the end-values of the domain back into the
optimization function to make this determination.

k. State a conclusion which states what the maximum or minimum value is and the values of
the variables which allow for this optimized situation all in context of the problem.
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